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CSC 8301- Design and Analysis of Algorithms  
 
 
 
 
 

      Tackling Difficult Combinatorial Problems 
      Backtracking and Branch-and-Bound 
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Complexity  of Computational Problems  

Is there a polynomial-time (i.e., O(p(n)) algorithm that solves the  
problem? 
Possible answers: 
❂  yes 

 
❂  no 

•  because it’s been proved that no algorithm exists at all  
(e.g.,  Turing’s halting problem  -- see p.403 in the textbook) 
 

•  because it’s been be proved that any algorithm takes 
exponential time 
 

❂  unknown 



CSC 8301 Lecture 14 

2 

3 

Problems with  
no known polynomial-time algorithms 

❂  Common feature of such problems: exponentially growing    
(with problem size) number of discrete choices with no 
known way to avoid a variation of exhaustive search 
 
 

❂  Few exceptions include 
•  Minimum-spanning tree problem 
•  Shortest path problem 
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Important examples of problems with no 
known polynomial-time algorithms 

❂  Hamiltonian circuit existence  
Is there a circuit in a given connected graph that passes 
through all its vertices exactly once? 
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Important examples of problems with no 
known polynomial-time algorithms 

❂  Traveling salesman problem (TSP) 
Find a minimum-length tour through n cities that passes 
through all the cities exactly once.  (Find a minimum-length 
Hamiltonian circuit in a weighted connected graph.) 
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Important examples of problems with no 
known polynomial-time algorithms 

❂  Knapsack problem 
Find the most valuable subset of n items of given weights and 
values that fit into a knapsack of a given capacity. 
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Important examples of problems with no 
known polynomial-time algorithms 

❂  Partition problem 
Given n positive integers, determine whether it is possible to 
partition them into two disjoint subsets with the same sum. 

❂  Bin packing  
Given n items whose sizes are positive numbers not larger 
than 1, put them into the smallest number of bins of size 1. 
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Important examples of problems with no 
known polynomial-time algorithms 

❂  Graph coloring 
For a given graph, find its chromatic number, which is the 
smallest number of colors that need to be assigned to the 
graph's vertices so that no two adjacent vertices are assigned 
the same color. 
 



CSC 8301 Lecture 14 

5 

9 

Important examples of problems with no 
known polynomial-time algorithms 

❂  Integer linear programming 
maximize (or minimize)  c1 x1 + ...+ cn xn    

 subject to                ai 1x1+ ...+ ain xn  ≤ (or ≥ or =) bi , i = 1,...,m 
                          x1 ≥ 0, ... , xn ≥ 0 are nonnegative integers 
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P  = NP  ?  
❂  The above problems (and several thousand others like them) 

form a class of NP-complete problems 
-  NP stands for nonderministic-polynomial 
-  No polynomial-time solution is known for any NP-complete problem 
-  Solution can be verified in polynomial time 

❂  It is known that if there exists a polynomial-time algorithm 
for just one NP-complete problem, then every NP-complete 
problem can be solved in polynomial time 
 

❂  Most (but not all!) computer scientists believe that such 
algorithms don’t exist, but this conjecture, known as  

    P  ≠ NP 
has never been proved. 
 

❂  The P  ≠ NP conjecture is considered one of the most 
important open questions in mathematics and CS 
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Two Ways to Tackle Difficult Problems 

There are two principal approaches to tackling 
difficult combinatorial problems: 
 

❂  Use a strategy that guarantees solving the problem 
exactly but doesn’t guarantee to find a solution in 
polynomial time 

❂  Use an approximation algorithm that can find an 
approximate (sub-optimal) solution in polynomial 
time (sec. 12.3 in the textbook) 
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Exact Solution Strategies 
❂  Exhaustive Search (brute force) 

•  useful only for small instances 
 

❂  Dynamic Programming 
•  applicable to some problems (e.g., knapsack prob.) 
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Exact Solution Strategies 
❂  Exhaustive Search (brute force) 

•  useful only for small instances 
 

❂  Dynamic Programming 
•  applicable to some problems (e.g., knapsack prob.) 

 

❂  Backtracking 
•  eliminates some unnecessary cases from consideration 
•  yields solutions in reasonable time for many instances but 

worst case is still exponential 

❂  Branch-and-Bound 
•  further refines the backtracking idea for optimization 

problems 
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Backtracking 

An improved version of exhaustive search that seeks to avoid 
generating candidates that cannot solve the problem 
 

❂  Constructs the state-space tree 
•  nodes:  partial solutions 
•  edges: choices in expanding partial solutions 

❂  “Prunes” nonpromising nodes 
•  stop exploring subtrees rooted at nodes that cannot lead 

to a solution and backtracks to such a node’s parent to 
continue the search 
 

❂  Note: The state space tree is constructed in the depth-first 
search manner 
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Example: The n-queen problem 

Place n queens on an n by n chess board so that no 
two of them are on the same row, column, or 
diagonal 

 
1 2 3 4

1

2

3

4

queen 1

queen 2

queen 3

queen 4

16 

State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 

26 

State-space  tree of the 4-queens problem 
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State-space  tree of the 4-queens problem 
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Branch-and-Bound 

❂  An enhancement of backtracking 
 

❂  Applicable to optimization problems only 
 

❂  For each node (partial solution) of a state-space tree, 
computes a bound on the value of the objective function for 
all descendants  of the node (extensions of the partial 
solution) 
 

❂  Uses the bound for: 
•  ruling out certain nodes as “nonpromising” to prune the 

tree – if a node’s bound is not better than the best 
solution seen so far 

•  guiding the search through state-space 
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Select one element in each row of the cost matrix C so that:  
•  no two selected elements are in the same column; and  
•  the sum is minimized 
 
For example: 

   Job 1   Job 2   Job 3  Job 4 
Person a       9       2       7      8 
Person b       6       4       3      7 
Person c       5       8       1      8 
Person d       7       6       9      4 
 
Lower bound  Any solution to this problem will have total cost 
                         at least: 2 + 3 + 1 + 4 

Example: The assignment problem 

Example: First two levels of the state-space tree 

1 2 3 4 

a 9 2 7 8

b 6 4 3 7

c 5 8 1 8

d 7 6 9 4
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Example: First two levels of the state-space tree 

1 2 3 4 

a 9 2 7 8

b 6 4 3 7

c 5 8 1 8

d 7 6 9 4

34 34 

Example (cont.) 
1 2 3 4 

a 9 2 7 8

b 6 4 3 7

c 5 8 1 8

d 7 6 9 4



CSC 8301 Lecture 14 

17 

35 35 

Example: Complete state-space tree 

1 2 3 4 

a 9 2 7 8

b 6 4 3 7

c 5 8 1 8

d 7 6 9 4

36 36 

Example: Traveling Salesman Problem 

❂  Find a reasonable lower bound on the tour length: 

❂  Because the graph is undirected, generate only tours in which 
b is visited before c 
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Example: Traveling Salesman Problem 

39 39 

Example: Traveling Salesman Problem 
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Example: Traveling Salesman Problem 

41 41 

Example: Traveling Salesman Problem 
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Example: Traveling Salesman Problem 
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Homework 

Read: Sec. 11.3 
Read: Introduction to Ch. 12, Sec. 12.1 and 12.2 
Exercises 12.1: 2, 4 (case n=6k only), 5 
Exercises 12.2: 1, 2, 9 
 
 
 
 
 
 


